Geometry I, 2006 : Coursework 2 Solutions

2. [1 mark each if everything is correct; some calculation must be shown)]

2 Vs
(i) Letr = [ —1 |. Then |r|?> = 224+124+12 = 6, and so |r| = v/6. Thus 7 = \/Lgf = \_/_%;
(which can also be written as \%1 - \/Lél + \/Lék)
3
(i) Let = | 0 |. Then |r|* = 3%+ 0% +2? = 13, and so |r| = V13. Thus © = —Lor =
N —2
13
92 (which can also be written as \/%g’ — \/%E)
13
3. (i) [1 mark] Let p be the position vector of the point P = (2,—1,3), and let u =
—1

2 |. Then the vector equation for the line through P in the direction of u is r = p+Ay;

that is,
2 —1
r=|—-1]+X| 2
3 4
[1 mark] This gives the parametric equations:
r = 2 — A
y = —1 4+ 2X.
z = 3 4+ 4X

[1 mark] Eliminating A gives the Cartesian equations:
x—2 y+1 2z-3
-1 2 4

(ii) [1 mark; no mark for simple yes or no answer| The point (0,3,10) is not on this line,
since it does not satisfy, for example, the parametric equations. If it did, then we would
have 0 = 2 — A, and so A = 2, but then 10 # 3 + 4\ = 11.

4. (i) [1 mark; some calculation must be shown]
Let P = (—2,5,4) and @ = (2,5,11), let p be the position vector of P, and let u be the

vector represented by @ Then the line through points P and @ is the line through P in

4
the direction of u =qg—p = | 0 |. The vector equation for this line is 7 = p + Au; that is,
7
-2 4
r= 5 +A|0



[1 mark] This gives the parametric equations:

r = =2 4+ 4\
y = 95 .
z = 4 4+ TA

[1 mark] Eliminating A\ gives the Cartesian equations:

z+2 z—-4
Yy =9, = .
4 7
(ii) [1 mark; no mark for simple yes or no answer] The point (—6, 5, 3) is not on this line,
since it does not satisfy, for example, the Cartesian equations, as = 4+2 =—1+# %.

(iii) [1 mark; no mark for simple yes or no answer| The point (—6,5,—3) is on this line,
since it satisfies, for example, the vector equation. We have

—6 —2 4
5 1= 95 ]1—-160
-3 4 7

5. (i) [The answer is in the lecture notes.]

[1 mark] The scalar product u-v is |ul|v| cos 8, if u, v are non-zero vectors and 6 is the angle
between them. If u =0 or v = 0 we define u - v = 0.

[1 mark] We say that u and v are orthogonal if u-v = 0.

2 -1
(ii) [1 mark] (One possibility.) The non-zero vector w = | 1 | is orthogonal to | 2 |,
0 -3

since their scalar product is 0.

(iii) [2 marks for correct proof; 1 mark if one error; no marks otherwise] Suppose that
u-v = 0 for every vector v. Then, in particular, 0 = u - u = |u|?, and so |u| = 0, so u = 0.

6. (i) [2 marks for correct proof; 1 mark for reasonable progress]

If u is parallel to v then they are in the same or opposite directions and so the angle
0 between u and v must be 0 or m. In both cases, |cosf| = 1. Now by definition,
w-v = lullo] cos 8, and so [u - v] = [ulul| cos 6] = [ull] (as | cos6] = 1).

(i) [2 marks for correct proof; 1 mark for reasonable progress]

If w is not parallel to v then they are neither in the same nor opposite directions and so
the angle 6 between u and v must satisfy 0 < # < 7, and so | cosf| < 1. Now by definition,
u-v = |u||v| cosf, and so |u-v| = |ul|v||cos O] < |u||v| (as |cosB] < 1, and |u||v| # O since
u,v #0).
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